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The s t ruc ture  of the e lec t r ic  fields and cu r ren t  is  studied for  s ta t ionary p lasma flow in an 
axially symmet r ic ,  spatially per iodic  magnetic field. The problem is solved in the magne-  
tohydrodynamic approximation with allowance for the Hall t e r m  in the general ized Ohm's 
law equation. It is  assumed that the magnetic Reynolds number  and the in terac t ion  p a r a m e -  
t e r  a re  small .  

A number  of problems in the dynamics of plasmoids passing through an axially symmet r i c  magnetic 
field have been sa t i s fac tor i ly  explained by means  of a general ized flexible cu r r en t  loop model  [1, 2]. How- 
ever ,  this model does not include the Hall effect  and the influence of this can be considerable  [3, 4]. The 
solution of the  full sys tem of equations in the magnetohydrodynamic approximation is  a complex problem.  
Never the less ,  it is poss ible  to cons t ruc t  a solution for  the e lec t r ic  fields and cu r ren t  alone if the i r  effect  
on the magnetic field and the change in the flow p a r a m e t e r s  a re  neglected.  Such an approach is  possible 
for sufficiently smal l  values of the magnetic Reynolds number  (which is a measu re  of the deformat ion of 
the magnetic field by the flow) and the in teract ion p a r a m e t e r  (Stuart number) [5]. 

F r o m  the zeroth approximation in these  p a r a m e t e r s  we can find the solution for the cur ren t  and fields 
by studying only one equation of the s y s t e m -  the general ized Ohm's law. This  method has e a r l i e r  been 
used for  investigating the influence of the Hall ef fect  for  var ious  par t i cu la r  cases  of p lasma in teract ion with 
axial ly symmet r i c  magnetic fields [6-9]. In [9], for  example,  the motion of a p lasma was studied for a sign- 
varying,  spatially per iodic  magnetic field. In this  paper  the study is genera l ized  to the case  of a uni form 
magnetic  field which is modulated by a varying,  spatial ly per iodic  field and an analysis  is made of the s t ruc -  
tu re  of the vec tor  l ines of cu r ren t  density in the  p lasma as a function of the modulation depth. 

If the gaskinetie p r e s s u r e  is neglected, together  with the dr i f t  of the ions re la t ive  to t h e n e u t r a l s ,  
the genera l ized  Ohm's law takes the fo rm 

j = z (E + [v, BI) -- k [j, B] (1) 

where 

~* j* E* v* B* 
- ~o* ' ~o*vo*Bo*' E = v0--~*'  v = - - ,  B = 

Here  k= We~'ei is the Hall pa rame te r ,  ] is the cu r ren t  density vec tor ,  a is  the conductivity, E is  the 
e lec t r i c  field, v is  the p lasma velocity,  B is  the magnetic induction vec tor ,  w e is  the e lec t ron  g y ro f r e -  
quency, ~ei is the t ime between e lec t ron- ion  coll isions;  the s ta r  denotes dimensional  quantit ies and the 
subscr ipt  0 denotes quantifies for  an undisturbed plasma.  The magnetic field is  cha rac t e r i zed  by  the pa-  
r a m e t e r  B0* which is  the amplitude value of the modulating field on the axis of symmet ry .  Since we are  
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taking all  p a r a m e t e r s  descr ib ing  the s t r e a m  (apart  f r o m  the e lec t r i c  f ields and cur ren ts )  as being un-  
dis turbed,  the flow veloci ty  v is  a constant:  

v = e z (r ~ b) 

where  ez is the unit vec t o r  along the axis of  s y m m e t r y  (the z axis) and b is  the rad ious  of the infinite p l a s -  
m a  cyl inder;  the conductivi ty a is  equal to unity inside the cyl inder  and zero  outside.  

We cons ider  the zero th  approximat ion  in the smal l  magnet ic  Reynolds number  and, the re fore ,  the 
ex te rna l  magnet ic  field can be cons idered  as undeformed.  It i s  a s sumed  that  the spat ia l ly  per iodic  m a g -  
netic field B(B r ,  O, Bz) is  given by  

B, ---- I i  (r) cos z, B~ = --  Io (r) sin z --  Bi (2) 

where  I0(r ) and I t ( r  ) a re  modif ied Besse l  functions, r =  r * / L * ,  z= z* /L*,  L*= X/2% and X is  the per iod of 
the magne t ic  field.  

Thus to this  approximat ion  the unknown quanti t ies  in (1) a r e  the e l ec t r i c  field E and the cu r r en t  den-  
s i ty j .  We t r y  for  the solution in the f o r m  of a power  s e r i e s  in the Hall p a r a m e t e r  k (k < i): 

c~ 

j = ~, knjn (3) 

and s i m i l a r l y  for  the f ield E; the expansion coeff icients  Jn and E n will be ca l led  the cu r r en t s  and fields of 
o rde r  n. Success ive  cons idera t ion  of the chain of a lgebra ic  equations for  Jn and E n shows [6] that  p r in -  
c ipal ly  a z e r o - o r d e r  c u r r e n t  J0 is  induced by the ex te rna l  magnet ic  field in the absence  of a Hall effect  and 
has  only an az imutha l  component  whe rea s  the cu r r en t  Jl has an az imuthal  component .  In o ther  words ,  in 
the f i r s t  approx imat ion  the Hall  cu r r en t  does not r e p r e s e n t  a c o r r e c t i o n  to the main  cu r r en t  but i s  separa te  
f r o m  it on account  of the s y m m e t r y  of the p rob l em.  Fu r the r  approx imat ions  give h i g h e r - o r d e r  co r r ec t ions  
in k to the ma in  cu r r en t  J0 (k2j2 etc.) and to the Hall c u r r e n t  kjl (k3j3 etc.) We l imi t  ou r se lves  to the f i r s t -  
o rde r  f ield and cu r ren t .  

where  

The equation re la t ing  Jl and E 1 has  the f o r m  

jl = 5El = --  Fo (4) 

F0 = [j0, BI = - -  z [Iv, B], BI (5) 

We t r a n s f o r m  (4) to an equation for  the e lec t r i c  f ield potent ia l  ~ defined by 

Ei = - -  V~i (6) 

To do this ,  we find the d ivergence  of both s ides  of (4). Since a = 1 inside the p l a sma ,  we get 

A~Pi -- --  div F0 (7) 

The n o r m a l  component  of the cu r r en t  i s  equal to ze ro  on the f l ee  sur face  of the p l a s m a  and thus the 
potent ia l  @l mus t  sa t i s fy  the boundary  condition 

0(I)i 

Since the p l a s m a  moves  in a spat ia l ly  per iodic  magnet ic  field, the cu r r en t s  can be expected to be 
per iodic  functions of z. Hence the de r iva t ives  of the potent ial  will  sa t i s fy  the per iodic  conditions 

0(~i  (r,  Z) __ 0(~)1 (r ,  g ~- 2g )  001 (r, Z) 0(I)l (r, z -~ 2g) 
Or Or ' Oz ~z (9) 
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Fig.  1 

In o r d e r  to so lve  (7) we in t roduce  a new unknown @ such  tha t  i n -  
s t e a d  of  the bounda ry  condi t ion (8) we have  the  fol lowing h o m o g e n e o u s  
condi t ion:  

0o I (io) 
-gT [r=-b = 0 

w h e r e  

r 

(1) = 01 + I Fordr (11) 
0 

With th i s  subs t i tu t ion ,  Eq.  (7) t a k e s  the  f o r m  

OF~ 08 i 
A(I) Oz ~ ~ Fordr (12) 

0 

The  so lu t ion  of th i s  equa t ion  s a t i s fy ing  (10) can  conven ien t ly  b e  
found a s  a Dini expans ion  in z e r o - o r d e r  B e s s e l  func t ions .  Af te r  f inding 

(r, z) and t r a n s f e r r i n g  to the  po ten t i a l  @l(r, z), we f ina l ly  a r r i v e  wi th  
the  he lp  of  (11) at  the  r e s u l t  

(I) i (r, z) = 2Cb -2 (z - -  %) -~ Ai (r) sin 2z ~- A~ (r) cos z (i3) 

w h e r e  C and z 0 a r e  c o n s t a n t s ,  
o o  

2 I t  , ~ pz*(kl) J0(kir/b)] i 

p2* (kl) Jo (klr / b) ] 
2 ip :  (ko) + E + A~ (r) = -0- (ki / b)~ § B~ [Io (r) - -  t l  

Pl,2* (ki) a r e  the Dini  coe f f i c i en t s  o f  the  func t ions  pl,2(r) : 

Pi (r) = I i  2 (r) - -  10 8 (r) ~- t ,  p~ (r) ~ - -  B i [I0 (r) - -  i] 

Since the po ten t i a l  i s  in g e n e r a l  def ined to wi thin  an addi t ive  cons tan t ,  the  va lue  o f  z 0 r e m a i n s  u n -  
d e t e r m i n e d .  We thus  o b t a i n  a f a m i l y  of  so lu t ions  depending on the cons t an t  C f o r  the po ten t i a l  @l(r, z). 
An addi t ional  condi t ion m u s t  be  i m p o s e d  on the  po ten t i a l  i f  C i s  to  be  d e t e r m i n e d .  

The  e l e c t r i c  f ie ld p r o d u c e d  by  the po ten t i a l  51 (r, z) and the c o m p o n e n t s  of  the  f i r s t - o r d e r  c u r r e n t  
can  be  found by m e a n s  of (6) and (4). 

We c o n s i d e r  the c a s e  when the  r a d i u s  o f  the p l a s m a  s t r e a m  i s  s m a l l  c o m p a r e d  to  the c h a r a c t e r i s t i c  
length L*  (b << 1, th in  s t r e a m ) .  We expand the mod i f i ed  B e s s e l  func t ions  I0(r) and I i (r)  into a p o w e r  s e r i e s  
in the s m a l l  r a d i u s  r < b and l imi t  o u r s e l v e s  to  the  f i r s t  two t e r m s ;  we thus  ob ta in  the  fol lowing equa t ions  
fo r  the  c o m p o n e n t s  of  the  v e c t o r  c u r r e n t  dens i ty :  

iir = l / i s  rb2[ l - -  ( r / b )  2] (sin 2 z - ~ B  i cos z) 
b ~ b e 

Y 
(i4) 

We m a n y  note tha t  only  the  second  of  t h e s e  equa t ions  con ta ins  the u n d e t e r m i n e d  cons tan t  C. In o r d e r  
to see  the  p h y s i c a l  s ign i f i cance  of  th is  cons tan t ,  we in t roduce  the to t a l  c u r r e n t  I lz  a long the  ax i s  of  s y m -  
m e t r y :  

I1z = 2~ i hzrdr 
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F i g .  2 

and C c a n  b e  e x p r e s s e d  l i n e a r l y  in  t e r m s  of  t h i s  c u r r e n t  a s  

C = -- Ilz/2n + b4/32 (15) 

The  e x p r e s s i o n s  f o r  the  c u r r e n t  d e n s i t y  c o m p o n e n t s  a r e  thus  
r e d u c e d  to  the  f o r m  

]lr = i/i~ rb~ [1 - -  (r / b) ~] (sin 2z ~ Bi cos z) 

]lz = ~ - -  W 1 - -  2 (sin z § Bi) sin z 

I n s t e a d  of  a p p l y i n g  an  a d d i t i o n a l  cond i t i on  on the  p o t e n t i a l  fo r  d e t e r m i n i n g  C, we can  i m p o s e  a c o n -  
d i t i on  on the c u r r e n t  I l z .  We migh t ,  fo r  e x a m p l e ,  a s s u m e  tha t  t h e r e  i s  z e r o  t o t a l  azdal  c u r r e n t  o r  I lz  = 0. 
H o w e v e r ,  s i nce  we a r e  not  t a k i n g  into accoun t  e f f e c t s  c o n n e c t e d  wi th  the  input  and output  of  the  p l a s m a ,  
we can  l e a v e  open the  q u e s t i o n  of  the  a c t u a l  cond i t ion  i m p o s e d .  

The  d i f f e r e n t i a l  equa t ion  def in ing  the v e c t o r  l i n e s  of  c u r r e n t  d e n s i t y  (16) in  the  p l a n e  ~v = cons t  has  
the  fo l lowing  f o r m :  

( dr r [ t - -  (r/b) 21 (2sinz + BI) cosz M = 
d-~ = 2 [M -~ (2 (r / b) 2 -- 1) (sin z -~ Bi) sin z] gb 4 ] (i7) 

In p l a c e  of  I lz ,  we  can  now t a l k  of  p o s s i b l e  v a l u e s  for  M. It  s e e m s  b e s t  to c o n s i d e r  two c a s e s  s e p a -  
r a t e l y :  M = 0 and M ~ 0. 

Suppose  M = 0. P h y s i c a l l y  t h i s  m e a n s  tha t  t h e r e  i s  no t o t a l  a x i a l  c u r r e n t  f lowing t h r o u g h  any a r b i -  
t r a r y  c r o s s  s e c t i o n  z = c o n s t .  The  c u r r e n t  d e n s i t y  l i n e s  m u s t  t h e r e f o r e  c l o s e  i n s i d e  the  g i v e n  v o l u m e .  In 
fac t ,  a s tudy  of  the  s i n g u l a r  p o i n t s  of  the  v e c t o r  l i n e s  c o r r e s p o n d i n g  to  (17) shows  tha t  in each  p e r i o d  the  
l i n e s  f o r m  a f a m i l i y  of  c l o s e d  l o o p s  and the  n u m b e r  and p o s i t i o n s  of  t h e s e  depend  on the  dep th  of m o d u l a -  
t i on  of  the  m a g n e t i c  f i e l d  h=  B0*/Bl*  = 1/]31. The  s c h e m a t i c  f o r m  of  the  c u r r e n t  l oops  in  the  p l ane  ~= c o n s t  
wi th  I lz  = 0 i s  g i v e n  in  F i g .  1. 

I t  i s  i n t e r e s t i n g  to  fo l low the  change  in  the  s t r u c t u r e  o f  the  v e c t o r  f i e ld  a s  the  m o d u l a t i o n  depth  i n -  
c r e a s e s .  I f  h i s  s m a l l  (0 < h < 1/2), t h e r e  a r e  two f a m i l i e s  of c l o s e d l o o p s  in one p e r i o d  and the  c e n t e r s  of  
t h e s e  l i e  on the  l ine  r = b / ~  at  the  p o i n t s  z=Tr/2 and z-- 31r/2 (Fig .  l a ) .  The  d i r e c t i o n s  of  the  c u r r e n t s  a r e  
o p p o s i t e  in  n e i g h b o r i n g  f a m i l i e s  o f  l o o p s  and the  b o u n d a r i e s  s e p a r a t i n g  the f a m i l i e s  a r e  r e p r e s e n t e d  by  
the  l i n e s  z = 0, z = ~ and z = 2~. With  f u r t h e r  i n c r e a s e  in  h, t he  shape  in  the  f i r s t  h a l f - p e r i o d  (0, ~r) r e m a i n s  
the  s a m e  and a l l  t he  c h a n g e s  t ake  p l a c e  in  the  s e c o n d  h a l f - p e r i o d  (v, 2v).  We m a y  note  tha t  fo r  a l l  v a l u e s  
of  h the  c e n t e r s  o f  the  f a m i l i e s  r e m a i n  on the  l ine  r=b/~/2.  When h p a s s e s  t h rough  the  va lue  of  1/2, the  
po in t  r=b/, / '2,  z= 3v /2  b e c o m e s  a s a d d l e  po in t  and  the f a m i l y  in  t he  s e c o n d  h a l f - p e r i o d  s p l i t s  into t w o p a r t s  
d i v i d e d  by  the  l ine  z = 37r/2. The  c e n t e r s  of  t h e s e  f a m i l i e s  (F ig .  lb )  l i e  a t  the  p o i n t s  

z ~ n ~- arc sin 1/2h, z = 2 n - -  arc sin l/2h. 

�9 T h i s  v e c t o r  f i e l d  s t r u c t u r e  i s  m a i n t a i n e d  fo r  l/2 < h < 1. When  h p a s s e s  t h r o u g h  the va lue  1, the  po in t  
r = b/~/2, z = 3~/2  a g a i n  b e c o m e s  a c e n t e r  wi th  t h r e e  f a m i l i e s  now in  the  h a l f - p e r i o d ;  the  t h i r d  f a m i l y  c o m e s  
in  b e t w e e n  the  p r e v i o u s  two and i s  s e p a r a t e d  f r o m  t h e m  b y  the  l i n e s  (F ig .  l c )  

z = ~ -~ arc s inh -1, z=2n--arcs inh  -1. 

T h i s  t h i r d  f a m i l y  r e m a i n s  a s  the  on ly  one in  the  h a l f - p e r i o d  (v, 27r) a s  h ~ ~ and the o t h e r  two d i s -  
a p p e a r  (F ig .  l d ) .  I t  now b e c o m e s  m e a n i n g l e s s  to  t a l k  of  the  m o d u l a t i o n  o f  a u n i f o r m  f i e ld  b e c a u s e  t h i s  
c a s e  c o r r e s p o n d s  to  the  v a l u e  B 1 = 0 and t h e r e  i s  no u n i f o r m  f i e l d  s i n c e  i t  c h a n g e s  s ign .  The  s p a t i a l  p e r i o d  
of  the  c u r r e n t  d e n s i t y  v e c t o r  i s  h a l f  t ha t  of  the  m a g n e t i c  f i e l d  and i s  equa l  to  7r. Th i s  f i r s t - o r d e r  Hal l  c u r -  
r e n t  f i e ld  h a s  b e e n  d e r i v e d  e a r l i e r  [9] fo r  a p l a s m a  wi th  a s p a t i a l l y  p e r i o d i c  m a g n e t i c  f i e ld  which  c h a n g e s  
s ign .  

Suppose  M ~ 0. If  t h e r e  i s  a l o n g i t u d i n a l  c u r r e n t ,  t hen  the  c u r r e n t  d e n s i t y  v e c t o r  f i e l d  i s  m o r e  c o m -  
p l i c a t e d .  F o r  s m a l l  v a l u e s  of  I lz  t h e r e  a r e  s t i l l  f a m i l i e s  of  c l o s e d  l o o p s  bu t  the  c e n t e r s  a r e  sh i f t ed  f r o m  
the  p o s i t i o n s  wi th  I l z  = 0 and the  loops  a r e  d e f o r m e d .  In add i t i on  to t he  l oops ,  t h e r e  a r e  v e c t o r  l i n e s  which  
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do not close inside a per iod.  At some value of Ilz, de te rmined  by the modulation depth h, the famil ies  
of closed loops disappear .  

Magnetic fields with small  modulation depths (corrugated fields) are  of the most  in te res t .  We t h e r e -  
fore  consider  in more  detail  the case where h l ies  in the in terval  (0, t/2). The singular points of the vec to r  
j occur  where the components j l r  and Jlz are  both s imultaneously equal to zero .  For  the in terva l  considered,  
the component j l r  is equal to zero  at z=lr/2 and z=3~/2 ,  and the component Jlz is zero  on the line whose 
equation is 

M - i - [ 2 ( r / b )  ~ -  tl s inz(s inz-4-Bx)  = 0  (18) 

If the value of M admits the exis tence of a singular point, the nature  of this point is the same as that 
which occurs  for  M = 0. 

Figure  2 shows schematical ly  the posi t ions of the vec to r  l ines for  Itz ~ 0, M ~ 0 and a modulation 
depth h< 1/2. The dashed l ines depict the lines (18) where  j lz  = 0. It can be seen that the re  a re  two famil ies  
of closed loops in a per iod and that the cen te r s  of t h e se  a re  shifted with r e spec t  to the case  M= 0 (see Fig. 
la) .  The shift i nc reases  as the value of the longitudinal cu r ren t  Ilz goes up. Investigation shows that this 
closed-loop s t ruc ture  is maintained up to a value M= (1 -h ) /h ,  where  the family in the second ha l f -per iod  
d isappears .  When M= ( l+h) /h ,  the family in the f i r s t  ha l f -per iod  also disappears  and all the vec to r  l ines 
r ema in  unclosed.  

The author thanks N. A.Khizhnyak and A. A. Kalmykov for  useful  d iscussions .  
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